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ENHANCING MATHEMATICAL UNDERSTANDING THROUGH
PROGRAMMING: CREATING AN ANIMATED GUIDE TO TANGENT
AND NORMAL LINES

Tanja Krunict

Abstract: The main focus of this paper is the creation of an animated tutorial to enhance understanding of the
use of the first derivative to find the equation of tangent and normal lines to curves. The animated tutorial is
created using Wolfram Mathematica. For given input data, such as the curve equation and the observed interval
on the x-axis, the program generates an output in the form of animated steps for determining the equations of the
tangent and normal lines of the curve. The tutorial is posted on the Wolfram cloud and is shareable online.
Besides, the tutorial is bilingual: the user can choose between two languages, English and Serbian.

Keywords: Mathematics, education, tangent line, normal line, programming, Mathematica, cloud, animation

1. INTRODUCTION

Many students don’t realize the connection between topics in mathematics and the real world, and
as a consequence, they are not interested in those lectures at all. For some of them, mathematics is
boring, and for others it is frustrating. Source [1] claims that there are two kinds of people in the
world: those who have enjoyed math class in school, and the other 98% of the population, attributing
this to the way mathematics is taught. The majority of students in the Higher EducationTechnical
School of Professional Studies in Novi Sad have Mathematics as an obligatory subject. Among many
other topics, students learn the application of the first derivative to determine equations of tangent and
normal lines to curves. To make this topic more interesting for students, the professor of this subject
created an interactive animated tutorial, or better said assistive teaching tool. For any input curve, the
tool outputs the steps of determining the equations of tangent and normal lines, together with an
appropriate graphical interpretation. The author of this paper has already created an interactive tutorial
for learning the steps of determing the flow and plotting graphics of functions, presented in [2]. In
contrast to the previous tutorial, the tutorial presented herein has a novelty — it is animated. Namely, to
make it easier to follow the content, the steps are displayed on the screen one after the other with a
delay of 2 seconds.

According to [3], the use of such specially created animation in teaching, to help students to better
understand the material of specific lessons is considered as a kind of Computer Assisted Instruction
(CAI). CAI refers to any kind of instructions presented via computer, but nowadays, CAl is mainly
performed using web-based tutorials (WBT). To keep up with current trends, the animated tutorial
presented herein is created on a cloud service, and as such, can be shared with all interested students.
So this CAl is a WBT. To fulfill their purpose, WBTSs are not supposed to be just a collection of texts.
They rather should contain interactive tools that help students to learn actively [4]. Exactly this is the
case with our assistive tool, as it allows the students to interact with it by choosing the input curve and
then following the steps of determining the equations of the tangent and normal lines for a chosen
point on the x-axis.

This paper is organized as follows: Section 2 gives a short theoretical overview of tangent and
normal lines to curves and their application in practice. Section 3 is devoted to the programming
language Mathematica and the Wolfram Cloud service. Features of the animated tutorial, as well as
some code snippets used to create specific parts of the tutorial, are given in Section 4.

2. TANGENTS AND NORMAL LINES

Tangents and normal lines to curves have a wide range of applications in practice in many different
scientific areas: in architecture (interior design, design curves in buildings, such as arches and domes),
traffic engineering (road and bridge design), physics (force, motion, optics, astronomy, sound waves,
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water waves, electromagnetic waves), illustrations and computer graphics, aerodynamics, medicine
(MRI, CT Scans), cartography, artificial intelligence (neural networks) and robotics, [5] - [7]. So it is
highly likely that students will encounter the practical application of tangents and normals in their
future work. Hence the importance for them to understand the mathematical background of this topic.

The tangent to a curve at a specific point is a straight line that "touches" the curve only at that
point. The slope of the tangent is equal to the derivative of the curve evaluated at the point where the
tangent touches the curve, [8]. The equation of a line passing through a specific point (xg, yo) is given
by

Yy — Yo = k(x —xp), 1)

where y, = f(x), and k presents the slope of the line. The slope of a tangent line touching the curve
y = f(x) at the point (xg, yo), is calculated as

k = f(xo). )
So, the equation of the tangent line to a curve at the point (x,, yo) is of the form
y =¥ = f(x0)(x — x0). 3

The normal to the curve at a specific point is the orthogonal line to the tangent at that point. If two
lines are orthogonal to each other, then the product of their slopes equals to -1. This means that the
slope of a normal to a curve at (x,, y,) is given by

1

k== “)
if f'(xo) # 0. In this case the equation of a normal line to a curve at the point (x,, y,) is given by
1
Y= Yo =~ (e = x0). ®)
Taking into account (3), in the case when f'(x,) = 0, the equation of the tangent line becomes
Y = Yo (6)
and the normal appears in the form of a vertical line
X = Xy. @)
A function can also have a vertical tangent at the point (x, y,) if and only if
f'(x) = —ooorf (x) > +oasx - xp . (8)
The vertical tangent is of the form
X = X, (9)
and the normal line is given by
Y = Yo, (10)

in that case.

On the other hand, if the function is continuous at the point (xq,y,), and the left and right
derivatives differ, but are infinite, i.e.

f'(x) > +oasx - x,”and f (x) » —oasx = x,* (11)
or
f(x) » —oasx - xy"and f (x) + —asx - x,*, (12)

the function has neither a tangent nor a normal at that point, but it does have a vertical cusp. Similarly,
if the function is continuous at the point (x,, y,), and the left and right derivatives differ, but are finite,
the function has neither a tangent nor a normal at that point, but it does have a corner, [9].
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3. MATHEMATICA PROGRAMMING LANGUAGE AND WOLFRAM CLOUD SERVICE

Wolfram Mathematica is used for creating the animated interactive tutorial for calculating the
equations of tangent and normal lines of curves. It is a software system that includes extensive built-in
libraries for a wide range of technical computing tasks. It supports machine learning, statistics,
symbolic computation, data manipulation, network analysis, time series analysis, natural language
processing (NLP), optimization, function plotting, data visualization, algorithm implementation, user
interface creation, and integration with programs written in other programming languages. The
programming language used in Mathematica is the Wolfram Language. The main advantage of the
Wolfram Language is its seamless integration of symbolic and numerical computation, which are
traditionally treated as separate domains. This enables solving a wide range of problems. Unlike other
traditional programming languages, Mathematica is not strictly tied to a single programming
paradigm; it supports simultaneously various paradigms (procedural, functional, object-oriented, rule-
based, pattern-based, etc.). This is a big advantage since no programming paradigm is ideal for solving
every problem. Besides, Mathematica enables processing, calculating, visualizing, and presenting data
interactively, without the need to install add-ons. Also, it includes built-in, specialized functionality for
a wide range of technical fields. So, there is no need to use several programs for solving a specific
problem, [10].

The key advantage of Mathematica in choosing it for this project was the ability to use the free
Mathematica online service, [11], which enables storing documents on the Wolfram cloud, [12].
Mathematica online service provides many features, among which is sharing and publishing
documents.

4. THE ANIMATED INTERACTIVE TUTORIAL FOR TANGENT AND NORMAL LINES
TO CURVES

Let us now present the main features of the animated tutorial on tangent and normal lines to
curves. The tutorial is in the form of an interactive tool whose task is to calculate the equations of the
tangent and normal lines of a curve. The tool has a pattern of the form

tangentNormal[fun_,x0_,eps_, lang_] . (13)

As we can see, there are four required input data: fun - the function of the curve, x0- the point of
tangency of the curve and the tangent, eps - half of the width of the interval on the x-axis where the
graph of the function is plotted, and lang - the language of the tutorial. This tutorial provides an output
in the form of instructions that solve this problem step by step. All instructions appear on the screen in
separate lines, and with a delay of 2 seconds. According to [13], this is the optimal delay for short
lines of text including 1-2 sentences. This delay is achieved by using the built-in function Pause[2]
after every Print[] command. In the end, for illustration, an appropriate graph of the function together
with the tangent and normal lines through the point x, is plotted on the interval (x, — €, x, + €). The
language parameter 'lang' is supposed to have one of the values 'eng' (for English) or 'srb' (for
Serbian). Switching the tutorial from one language to another is enabled by choosing the proper
language array for output depending on the value of the input parameter (Listing 1), and using the
proper array of texts for the chosen language. Parts of the language arrays are shown in Listing 2.

If[lang=="srb",

text=textSrb,

If[lang=="eng" text=textEng,

Print[Style["You have selected the wrong language parameter. You can choose between 'srb’ and 'eng’. \nOnaGpasu cre

"

HorpenaH napamerap 3a jesuk. Moxxere 6uparu usmely 'srb' u 'eng'.", FontSize -> 20, Spacings -> {0, 2}]

I;
Goto[end]]];
Listing 1 - Code snippet that enables switching the language of the tutorial
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textEng = {

(*1*)"The task is to find the equations of the tangent and
normal for the function f(x)=",
(*2*)ToString[TraditionalForm[fun]],
(*3*)StringJoin[" at the point ,
ToString[TraditionalForm[Subscript[X, o111, =",
ToString[x0], "."],

(*4*)StringJoin["The equation of the line at the point ",
ToString[TraditionalForm[Subscript[x, 0]]], " is calculated
by the formula y="],

(*5*)"Here, k represents the coefficient of the line.",
(*6*)StringJoin["The slope of the tangent at the point ",
ToString[TraditionalForm[Subscript[x, 0]]], " is calculated
by the formula k="],

(*7*)"The derivative of the function is f'(x)=",

textSrb={
(*1*)"3amarak je ma mpoHaleMo jeqHauMHE TAHTEHTE U
Hopmaie 3a ¢pyukimjy f(x)=",
(*2*)ToString[TraditionalForm[fun]],
(*3*)StringJoin[" y TauIu
", ToString[ TraditionalForm[Subscript[x,0]]],"=",ToString[x
01."."1,
(*4*)StringJoin["JegnaunHa mpaBe y TauIu
" ToString[ TraditionalForm[ Subscript[x,0]]]," ce pauyna no
dopmym y="],
(*5*)"TIpu Tome k npencrassba KoehuiMjeHT npase.”,
(*6*)StringJoin["KoedumnujeHT mnpaBna TaHTeHTe y TadlH
", ToString[ TraditionalForm[ Subscript[x,0]]]," ce pauyna mo
dopmysm k="],
(*7*)"U3Box pynaxumje je f'(x)=",

Listing 2 — Text arrays for different languages

In the case when one tries to enter a value of the language parameter that is neither ‘eng' nor 'srb'
(i.e. lang="fr"), an appropriate error message appears on the screen, Figure 1.

In[zk- result = tangentNormal[Exp[x-2], 2, 3, "fr"]

You have selected the wrong language parameter. You can choose between 'srb' and 'eng'.

Opgabpanw cTe norpewad napaMetap 3a je3uk. Moxete Owpatm msmehy 'srb' w 'eng'.

Figure 1 - The result on the screen upon selecting the wrong language input parameter

Figure 2 shows calculating the tangent and normal line through x, = 2 to the curve f(x) = e*~2

on the interval (—1,5). Note that in Mathematica the function e*~2 is presented as Exp[x — 2]. This
tutorial also covers the case when f '(x,) = 0. As shown in Section 2, in this case, the tangent and
normal lines are of the form (6) and (7), respectively. Figure 2 (right) shows such an example for the
curve f(x) = x? + x + 1and x, = —0.5.

reault = tangenthormelEnslx 2], 2,3, "enz'] i result = tangentiormat <02 #x+1, 8.5, 3, “eng"]

The task is to find the equations of the tangent and normal for the function f(x) = e*~* The task is to find the equations of the tangent and normal for the function (x) = +x+1

at the point xg=2. at the point xs=-8.5.
First, let's calculate the value of the functio

f(-8.5)=0.75.

f(2)=1.
xa)+F(xa) -

First, let's calculate the value of the function at the point xe=2, i.e., n at the point xe=-9.5, i.e.,
The equation of the line at the point xa is calculated by the formula y=k (x-
Here, k represents the coefficient of the line.

The slope of the tangent at the point xo is calculated by the formula k=f'(xo). Here
The derivative of the function is f'(x) = &"2. The slope of the tangent at the point x is calculated by the formula k=f'(xs).

Thus, f'(2)=1. The derivative of the function is f'(x)=2x+1.

This means that the slope of the tangent at the point xe=2 is equal to k=l. Thus, f'(-e.5)=0..

This means that the slope of the tangent at the point xs=-98.5 is equal to k=@..

of the form: y=e.7s.

In the case when f'(xe)=@, the equation of the nmormal at that point is calculated by the

The equation of the Lin 4s caleulated by the formula y=k (x-xa)+f(xs).

, k represents the coefficient of the Lline.

e at the point xs

The equation of the tangent at the point x0=2 is of the form: y=x-1.

The equation of the tangent at the point x;=-8.5 is

The slope of the normal at the point xs is caleulated by the formula k=-1/f'(xs).
Therefore, we have that k=-1.
formula x=xg.

The equation of the normal at the point xs=2 is of the form: y=3-x.
. Thus, the equation of the mormal at the point xg=-0.5 is

of the form: x=-0.5.

e
Tangent: y=Fix Kx - b fia), 18 y=—l+x
Narmatsy ==L xxmc) o ). 1e.y=3 -

Figure 2 - Tangent and normal, f(x) = e*~2, x, = 2 (left) and f(x) = x? + x + 1,x, = —0.5 (right)

The tutorial also covers the case of vertical tangents given by (8)-(10) in Section 2. Figure 3
shows an example of the existence of a vertical tangent at x, = 0 of the function f(x) = /x. As we
can see, we denoted the left derivative at the point x, with f_(x,) and the right derivative in the same
point with £, (x,). Note that Mathematica does not natively support the cube root of negative numbers,
requiring the third root to be expressed as a piecewise function to account for both positive and
negative inputs. Hence the cube root is actually of the form

f[x_] := Piecewise[{{-(-x)(1/3), x< O}, {x*(1/3), x>= 0}}] (13)
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iz F[x_] t= Piacewiss[{{-(-x)}"(1/8), x< o}, {x*(1/2), r2 0}}]

7t result = €

nehormal[ f[x], o, 2, "eng’]
= x<e
¥x xzo

The task is to find the equations of the tangent and normal for the function f(x) :{ at the point xg=6.

First, let's caleculate the value of the function at the point x=0, i.e., f(0)=0.
The equation of the line at the point xe is calculated by the formula y=k (x-Xo)+f(xa).
Here, k represents the coefficient of the line.
The slope of the tangent at the point xe is calculated by the formula k=f'(Xo).
1
The derivative of the function is f'(x)= 1
3x273

Indeterminate True

x>0

Thus, f'(6)=Indeterminate.

This means that the slope of the tangent at the point X.=0 is equal to k=Indeterminate.
T'=(xXo)=e0

4 (%0) =00

The equation of the tangent at the point xz=0 is of the form: x=@

The equation of the normal at the point xp=0 is of the form: y=@.

Figure 3 —A vertical tangent for f(x) = ix atxy, = 0

To check which of the previously mentioned cases (f (x) = 0, f (xy) = o, or the default case)
is applicable, the Which control structure is used. Listing 3 shows the code of the default case. As can
be seen, the code first calculates the slopes and equations of the tangent and normal, and then it
displays the steps for their calculation on the screen. Then, the text for the legends of the curve,
tangent, and normal is generated, followed by the graph itself. The code in the remaining two cases is
similar, but in those cases, the equations of the tangent and normal are calculated differently (see
Section 2), and the following tutorial text and legend labels are adjusted accordingly.

fPrime=D[fun,x];k1=fPrime/.x->x0;
Which[
INUMberQ[K1],...ccccoovvveeereririean ,
K1==0, oo ,

True, tangentLine=k1*(x-x0)+(fun/.x->x0);

Print[Style[StringJoin[text[[10]], ToString[ TraditionalForm[Simplify[tangentLine]]],"."],FontSize -> 20, Spacings ->
{0, 2311;

Pause[2];

k2=-1/k1;

Print[Style[StringJoin[text[[11]], ToString[ TraditionalForm[Subscript[x,0]]],")."],FontSize -> 20, Spacings -> {0, 2}]];

Pause[2];

Print[Style[StringJoin[text[[12]], ToString[ TraditionalForm[k2]],"."],FontSize -> 20, Spacings -> {0, 2}1];

Pause[2];

normalLine=k2*(x-x0)+(fun/.x->x0);

Print[Style[StringJoin[text[[13]], ToString[ TraditionalForm[Simplify[normalLine]]],"."],FontSize -> 20, Spacings -> {0,
2}11;

legendT=StringJoin[text[[14]], ToString[TraditionalForm[ Subscript[x,0]11,")(", ToString[ TraditionalForm[ (x -
Subscript[x,0]) 11.")+ f(", ToString[ TraditionalForm[Subscript[x,0]]],")" ,text[[26]],"y=", ToString[Simplify[tangentLine]]];

legendN=StringJoin[text[[15]] , ToString[TraditionalForm[Subscript[x,0]]] ,")("", ToString[ TraditionalForm[(x -
Subscript[x,0])]1,") + f(", ToString[ TraditionalForm[Subscript[x,0]]],")",text[[26]],"y=",
ToString[TraditionalForm[Simplify[normalLine]]]];

gr=Plot[{fun,tangentLine,normalLine},{x,x0-eps,x0+eps}, PlotLegends->{legendF,legendT,legendN}, AxesLabel ->
{"x", "y"},AspectRatio->Automatic];

Féetum[gr];
Label[end];]

Listing 3 — The default case of the Which control structure

A special case may occur if the input function is a line, i.e. f(x) = ax + b. In that case, the
tangent is the line itself. The slope of the normal is then calculated as k = —%, where a = f (x,).

Very similar, in the case when the function is constant, i.e. f(x) = ¢, the tangent is the line f(x) = c,
itself since then f (x,) = 0, and according to (7), the normal is the vertical line x = x,. The output of
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the tutorial for the case when the input function is f(x) = 2x + 1, at xq = 1 is shown in Figure 4 (left)
and for f(x) = 2 at x, = 1 in Figure 4 (right).

result = tangentiormel 2 x +1, 1, 5, “enc"] result = tangenthormall2, 1,5, "enz’]

The task is to find the equations of the tangent and normal for the function f(x)=2 The task is to find the equations of the tangent and normal for the
x+1at the point xo=1. function f(x) =2 at the point xg=1.

First, let's caleulate the value of the function at the peint xe=1, t.e., F(1)=3. g ) .

The equation of the line st the point xo is calculated by the formula y=k (x-xo)+F(xo). First, let's calculate the value of the function at the point x=1,
Here, k represents the ceefficient of the line. i.e., T(1)=2.

The slope of the tangent at the point x is calculated by the formula k=f'(xe). The equation of the Lline at the point xs is calculated by the formula
The derivative of the function is £'(x) = 2.

Thus, f'(1)=2.

This means thst the slope of the tangent at the point xg=1 is equal to k=z.

y=k (x - xg)+f(xs) -
Here, k represents the coefficient of the line.

The input function is a line. As you can see, in this case, the tangent is the line The slope of the tangent at the point xs is calculated by the formula

itself. k=f"'(xg) .

The equation of the tangent at the point xs=1 is of the form: y=2x+1. The derivative of the function is f'(x)=0.

The slope of the normal at the point xs is calculated by the formula k=-1/F'(xs). Thus, f'(1)=6.

Therefore, we have that k;—%. This means that the sleope of the tangent at the point xe=1 is equal to
T-x k=0.

The equation of the normal at the point xo=1 is of the form: y=—p.
The equation of the tangent at the point xg=1 is of the form: y=2.
The dnput function is a line. As you can see, in this case, the tangent
is the line itself.
In the case when k'(xs)=@, the equation of the normal at that point is
calculated by the formula x=xg.
f=2x+1 Thus, the equation of the normal at the peint xe=1 is of the form:
Tangert: yefe)(i—skle T 1=l 23

7ox x=1.
Moty — Ul + . ey

1

5 3 2 B ? ] &

Figure 4 - The tutorial for f(x) = 2x + 1 (left) and f(x) = 2 (right) atx, = 1

In these two cases, a note with the information that in the case of a linear input function the
tangent coincides with the linear function itself is displayed on the screen. This note is stored in the
text array at index 16, i.e. in text[[16]]. A criterion for a linear functionis f (x) =0or f (x) = 0, see
Listing 4.

fSecond=D[fun,{x,2}];
If[fPrime==0||fSecond == 0,Print[Style[text[[16]], FontSize -> 20, Spacings -> {0, 2}1]1;

Listing 4 — The case of linear input functions

The tutorial also covers the case of non-smooth functions presented in Section 2, i.e. the cases
when cusps and corners arise at the point (xg, y,). Figure 5 (left) shows the existence of a vertical

cusp at x, = 0 for the function f(x) = VxZ, which is (for the reasons mentioned above) presented as
a piecewise function of the form

f[x_]: = Piecewise[{{(—x)"(2/3),x < 0},{x"(2/3),x >= 0}}]
(14)

The existence of a corner at x, = 1 for the function f(x) = |x3 — 1] is shownFigure 5 (right).
Note that the input function in this case is presented as

f[x_]:=Piecewise[{{(x"3-1), x >= 1}, {-(x"3-1), x <=1}}]. (15)

Listing 5 shows the code snippet for detecting if a function has a vertical cusp or a corner at point
Xo. This code snippet is placed at the top of the program. Firstly, the left and the right derivatives at
the point x, are calculated. If the values differ, the program checks if the values are infinite (the
function has a vertical cusp) or finite (the function has a corner) at x,. The appropriate information is
displayed on the screen, followed by the graph of the function.

leftDerivative = Limit[(f[x] - f[x0]) / (x - x0), x ->x0, Direction -> "FromBelow"];

rightDerivative = Limit[(f[x] - f[x0]) / (x -x0), x -> x0, Direction -> "FromAbove"];
If[leftDerivativel=rightDerivative,

Print[Style[Row[{ """ <> Subscript["-", " "][[1]] <> "("<>ToString[ TraditionalForm[Subscript[x,0]]]<>")",
"=" ToString[TraditionalForm[leftDerivative]]}],FontSize -> 20, Spacings -> {0, 2}]];

Print[Style[Row[{ """ <> Subscript["+", " "][[1]] <>"("<>ToString[TraditionalForm[Subscript[x,0]]]<>")",
"=",ToString[TraditionalForm[rightDerivative]]}],FontSize -> 20, Spacings -> {0, 2}]];
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Print[Style[text[[32]],FontSize -> 20, Spacings -> {0, 2}]]1;

Return[gr];
Goto[end]];

If[Abs[leftDerivative]==Infinity, Print[Style[text[[27]],FontSize -> 20, Spacings -> {0, 2}]],

gr=Plot[fun,{x,x0-eps,x0+eps}, PlotLegends->{legendF}, AxesLabel ->{"x", "y"},AspectRatio->Automatic];

Listing 5 — Code for detecting vertical cusps and corners

migks Flx_]1 = Piecewise[{{(=x)*(2/3), x< e}, {x~(2/3), r2 0}}]
Inlsk- result = tangentNormal[f[x], 6, 2, "eng"]

The task is to find the equations of the tangent and
(_x,l,’s
Ve

Xx<0
normal for the functien f(x) :{ 5 at the
x20
point Xg=0.
£1o () =0
4 (xg) =00
As we can see, the values of left and right derivatives

at the point xg=0 are different, and infinite, which
means that the function has neither a tangent nor a

normal, but it does have a vertical cusp.
15|
0 ~ 213
o . f{x]:[["’ x<0
. - T xz0
\us s
/

 E—— . — + —

et Fx_] 1= Piecewise[ {{(+*3-1), x 2 1}, {-(x*3-1), x $3}}]
il result = tangenthormal[f[x], 1, 0.5, "eng"]
The task is to find the equations of the tangent and normal for the function
s
x*-1 x21 N
f(x) = at the point xg=1.
) {1—xZ x<1 s ¢
'-(xe)=-3
Fr4(xg)=3
As we can see, the values of left and right derivatives at the point xe=1 are
different, but finite, which means that the function has neither a tangent nor

a normal, but it does have a corner.

Figure 5 - A vertical cusp for f(x) = VxZ, xo = 0 (left), a corner for (x) = |x3 — 1], x, = 1 (right)

Besides, some cases of incorrect user input were also handled. Listing 6 shows the code that
handles three cases of incorrect user input: when the point x, or the left or right edge of the observed
interval does not belong to the domain of the function. In each of these cases, the appropriate
information is displayed on the screen. The case when the left boundary of the observed interval (2,4)
for the function f(x) = 3x — 4 — Inifk — 2) does not belong to the domain of the function, is shown

in Figure 6.

domain = FunctionDomain[fun, x];

If[Simplify[domain /. x -> x0] = = False,Print[Style[text[[17]], FontSize -> 20, Spacings -> {0, 2}]];Goto[end]];
If[Simplify[domain /. x -> (x0-eps)] = = False,Print[Style[text[[18]], FontSize -> 20, Spacings -> {0, 2}]];Goto[end]];
If[Simplify[domain /. x ->( xO+eps)] = = False,Print[Style[text[[19]], FontSize -> 20, Spacings -> {0, 2}]];Goto[end]];

Listing 6 — Handling incorrect output

result = tangentlormal[3 x =4 =Log[x=-2], 3, 1, "eng"]

The left boundary of the observed interval x=2 does not belong to the domain of the function.

Figure 6 — Incorrect input: x = 2 dos not belong to the domain of f(x) = 3x — 4 — Inifx — 2)
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As already mentioned, the Wolfram cloud service enables sharing documents online (Figure 7,
left), so this tutorial can be shared with all students who are interested in this topic. Moreover,
documents stored on this service can be published online (Figure 7, right) and become accessible to
everyone. This tutorial has to undergo some additional testing and is intended to be published
afterward.

5. CONCLUSION

The success of teaching mathematics largely depends on the teacher's ability to engage students
with the subject. Exactly this was the motivation to create the interactive tutorial presented herein. The
animated interactive tutorial covers many different cases that can occur when calculating the tangent
and normal lines to curves at some point x,. All steps are explained and appear on the screen with a
delay of 2 seconds, which helps the user to stay focused.

Many other topics of mathematics can be used for the creation of similar interactive learning tools.
Thus, creating interactive tutorials with other mathematics topics will remain for further investigation
by the author of this paper. As an interactive tutorial for plotting graphics of functions is already
created by the author, new tutorials could include other topics like partial integration, operations on
matrices, calculating inverse matrices, calculating determinants, and other topics covered by the
Mathematics course held in The Higher Education Technical School of Professional Studies in Novi
Sad. For the selection of topics covered by interactive animated tutorials, a questionnaire could be sent
to students to figure out which topics students find difficult to master, so that an interactive tutorial on
those topics would be useful to them. Moreover, when accrediting the subject of Mathematics at the
aforementioned school, standard lessons were selected that are mostly covered in other higher
education institutions of technical professions in Serbia, but also in other European countries. The
collection of animated tutorials could further be integrated into any popular learning management
system like Moodle or Canvas since they can be published online. Such a system could be used widely.
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